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Abstract— The idea of variable warning limit is applied for
variable sample size and sampling interval (VSSI) Hotelling’s
T? charts in order to lessen the frequency of switches between
the pairs of values of the sample sizes and sampling interval
lengths of those charts during their implementations.
Expressions for performance measures for the variable sample
size, sampling interval, and warning limits (VSSIWL) T?
charts are developed. The performances of these charts are
compared numerically with that of VSSI and VSSI (1, 3) T?
charts, where VSSI (1, 3) T? charts are the VSSI T? charts
with runs rule (1, 3) for switching between the pairs of values of
sample sizes and sampling interval lengths. It is observed that
VSSIWL T? charts can be set to yield exactly similar
performances as that of VSSI (1, 3) T? chart, to yield the
performances in-between that of VSSI (1, 3) and VSSI T?
charts, or to yield significantly lower switching rate than even
that of VSSI (1, 3) T? charts and the statistical performance
almost similar to that of VSSI and VSSI (1, 3) T? charts.

Index Terms—Adaptive control chart, average number of
samples to signal, average number of observations to signal,
average number of switches to signal, Multivariate Statistical
process control, Steady-state average time to signal.

I. INTRODUCTION

Control chart developed by W. A. Shewhart in
1920s is an effective on-line statistical process control
technique used worldwide for monitoring quality of
manufacturing processes and products. It detects shifts in
parameters  of  quality  characteristics of the
processes/products from their target values. Nowdays it is
also  extensively being used for  monitorings
nonmamufacturing peocesses. It detects large shifts very
efficiently, however, is relatively less efficient in detecting
small shifts. A number of modifications have been proposed
to the original Shewhart control chart in order to improve its
efficiency in detecting small shifts. The well-known
modifications include use of warning limits [1], runs rules for
signaling [2], integration of two charts [3], and adaptive
(variable) design parameters [4].

Shewhart Control chart has three design
parameters, viz, sampling interval, sample size, and control
limit(s). The chart is termed to be static if all these
parameters are fixed throughout the period of process
monitoring, whereas it is termed as adaptive if at least one of
the design parameters is variable and takes a value for a trial
according to the location(s) of the control statistic for the
previous trial(s). The variable parameters are called adaptive
paramerers. The general principal of choosing values of the
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adaptive parameters for a trial is as follows. If the last plotted
point(s) indicate possibility of shift, choose short sampling
interval and/or large sample size and/or narrow control
limits for the next trial. On the other hand, if that indicate
possibility of safe or in-control process, choose long
sampling interval and/or small sample size and/or wide
control limits for the next trial.

Reynolds et al. [4] were the first to propose an
adaptive control chart. They proposed variable sampling
interval (VSI) X charts. Later on, Prabhu, et al. [5] and
Costa [6] independently proposed variable sample size X
charts. Prabhu, et al. [7] proposed variable sample size and
sampling interval (VSSI) X charts. Costa [8] proposed the
adaptive X charts in which all the three design parameters
are variable. Tagaras [9] reported an extensive survey of the
research on adaptive control charts until 1997.

The idea has also been applied to other univariate
and multivariate Shewhart charts as well as to cumulative
sum and exponentially weighted moving average control
charts. Further references include, for example, Zimmer et
al. [10], Aparasi and Haro [11], Costa and Rahim [12],
Epprecht et al. [13], Reynolds and Stoumbos [14], Wu et al.
[15], Yu and Hou [16], Chen [17], Wu et al.[18], Yang and
Su. [19], Mahadik and Shirke [20], Jiang et al. [21], Jensen et
al. [22], Luo et al. [23], Wu et al. ], Shi et al. [25], Celano
[26], Faraz and Moghadam [27], Mahadik and Shirke [28,
29], Li and Wang [30], Epprecht et al. [31], Shu et al. [32],
Dai et al.[33], Mahadik [34-40], Faraz and Saniga [41],
Nenes [42], Kooli and Limam [43], and Lee [44].

The general conclusion of the research on adaptive
control charts is that adapting one or more design parameters
of a control chart increases its statistical as well as economic
performances significantly.

Il. THE RESEARCH PROBLEM

The weakness of any adaptive control chart is the
inconvenience in its administration due to frequent switches
between the values of its adaptive design parameters.

In order to reduce the frequency of switches between
sampling interval lengths of VSI charts, Amin and Letsinger
[45] proposed the use runs rules for switching between these
lengths. Mahadik [34-35] studied the exact properties of VSI
charts with such runs rules. Further, Mahadik [37-38]
applied the runs rules for switching between the pairs of
values of sample sizes and sampling interval lengths of VSSI
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X and VSSI T2 charts and have shown that switching runs
rule (1, 3), described later in this paper, is the best runs rule
for reducing the frequency of switches.

Alternatively, Mahadik [39-40] suggested the use of
variable warning limits to reduce frequency of switches
between the values of adaptive design parameters of VSI and

VvSSI X charts.

In the present paper, the notion of variable warning

limits is applied to VSSI T? charts. This provides a
comparable option to switching runs rule (1, 3) for reducing
the frequency of switches between the pairs of values of

sample sizes and sampling interval lengths of VSSI T?
charts.

The subsequent sections provide the general
description of a variable sample size, sampling interval, and

warning limits (VSSIWL) T? chart. Expressions for
performance measures for this chart are derived. The

performances of VSSIWL T? charts are numerically

compared with that of VSSI T? charts with and without
switching runs rule (1, 3). An example illustrates

implementation of VSSIWL T? charts. This is followed by
the Conclusions.

1. AVSSIWL T? CHART

Suppose the p > 1 related quality characteristics X =
(X, X,,...,X ;)" to be monitored jointly, follow p-variate

joint normal distribution with mean vector g and known
variance covariance matrix X. Let g, be the target mean
vector. An occurrence of an assignable cause shifts g from
U, 10 p, #p,. A VSSIWL T? chart to monitor u is as
described below.

The T =
(i) (X, — u)= (X, — ) , where X, i=1,2, ..., is the
mean vector of the i sample of size n(i) drawn on X. Note

that when # = m, , T? follows central chi-square

control statistic is

distribution with p degrees of freedom, and when u# = g, ,

for given n(i) = n, it follows non-central chi-square
distribution with p degrees of freedom and non-centrality

parameter  n(u, — p,)' > (s, — p,) = nd®, where d =

\/(ﬂl — p,)'~ (s, — ) s the Mahalanobis distance used to
measure a change in the process mean vector. Let L be the
control limit of the chart, which is equal to ;(fw , the upper "

quantile of central chi-square distribution with p degrees of
freedom. The chart signals an out-of-control state when T,?

falls above L. Let t(i) be the length of sampling interval
between (i — 1)* and i" trials and w(i) be the warning limit of
the chart for the i trial, i = 1, 2, .... The values of

(n(i), t(i), w(i)) can be either (n,, t,, w) or (Nn,, t, , W,),
where n, , n,, t , t,, w, and W, are such that
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MNoin SN SN, <N and L > w,
> w, >0, where n,, and n,,, arethe smallest and largest

tmax = tl = t2 2 tmin7

and t__ are

min max

longest possible sampling intervals,

possible sample sizes, respectively, while t

the shortest and
respectively.

For the (i — 1)* trial, the warning limit w(i — 1)
partitions the in-control area (0, L) of the chart into two
regions I, =[0,w(i— 1)]and I, =(w(i— 1),L),i=2,3,
... as shown in figure 1.

When T2, falls below L, the triplet of values of
adaptive design parameters for the i™ trial is chosen
according to the following rule.
if Z,_, el
if Z,_,el,

(n, b, w),

=23,...
(nZ'tZ’WZ)’

(n(i),t(i),W(i))={
Note that choosing the values of the adaptive
parameters using this rule is quite rational. Falling of T2, in
region |, may reasonably be interpreted as the process is safe
and hence in such situation it is reasonable to relax the
control by using long sampling interval, small sample size,
and wide warning limit for the next trial. On the other hand,
if T2, falls in region I,, one may suspect a shift in the
process mean vector and under such circumstances to
confirm or deny the suspicion, it is reasonable to to tighten

the control by using short sampling interval, large sample
size, and narrow warning limit for the next trial.

The values of (n(1), t(1), w(1)) can be chosen using
an arbitrary probability distribution. In practice, it is
recommended to choose the triplet (n,, t,, w, ) for that to

provide additional protection against the problems that may

exist initially. The trial following an out-of-control signal is
again treated to be the first trial.

In practice, in order to avoid the complexity in the
administration, only one warning limit may be shown
anywhere on the chart in between the control limit and X-axis
to represent the two. Suppose this warning limit is w. When
w(i)=w;,j=1,2, plot T.? anywhere within [0, w] and (w,

L) when it is within [0, w; ] and (w;, L), respectively.

/ ~J

Sample Number

l

Figure 1: A VSSIWL T? Chart
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In the next section, expressions for performance
measures for a VSISWL T2 chart are derived.

IV. PERFORMANCE MEASURES

The appropriate measures of statistical performance
of a VSSIWL T? chart are steady-state average time to
signal (SSATS), average number of samples to signal
(ANSS), and average number of observations to signal
(ANOS). SSATS is the expected value of the time between a
shift that occurs at some random time after the process starts
and the time the chart signals. ANSS and ANOS are the
expected values of the number of samples and the number of
observations, respectively taken from the time of a shift to the
time the chart signals. The administrative performance is
measured through average number of switches to signal
(ANSW), which is the expected value of the number of
switches between the triplets of values of sample size,
sampling interval length, and warning limit from a shift to
the signal.

Let SSATSy, ANSSy, ANOS;, and ANSWj be the
SSATS, ANSS, ANOS, and ANSW, respectively of a control
chart when the process mean has shifted from u, to #, ind

units. First, the expressions for SSATSy, ANSSy, and ANOS,
are derived below using a Markov chain approach.

Henceforth, the i™" trial refers to the i trial after a
shift when i > 0 and the last trial before the (i + 1)* trial when

i <0. Also, T refers to the sample point corresponding to
the i"" trial.

Define the three states 1, 2, and 3 of the Markov
Chain corresponding to whether a sample point is plotted in
I,, 1,, and I; = [L, oo), respectively. State 3 is the

absorbing state, as the control charting process is restarted
when a sample point falls in region I, . The transition

probability matrix is given by
PL P Ph
P! = pgl pgz pgs '
0 0 1

where pj—jk is the transition probability that j is the prior state

and k is the current state, when the process mean vector has
shifted by d units. For example,

ple = Pr[T2e 1, | T2 € 1]

Pr,[T?e I, In()=n, wi)=w]
= le(l—)_ F)i (W)

where F, () is the cumulative distribution function of

non-central chi-square distribution with p degrees of freedom
and non-centrality parameter 4 = nd?,i=1,2.
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Then, SSATS, and ANSS; are given by

SSATS, = b'(1-PY) 't — E(U),
1)

ANSS; = b'(1-P")™1,
and

ANOS; = b'(1-P)™"n,

where I is the identity matrix of order 2, P{' is the sub matrix
of P? that contains the probabilities associated with the
transient states only, t' = (t,, t,), I' = (1, 1), n' =
(n,,n,) and b" = (b, b,), b; being the conditional
probability that T fallsin I; giventhatitfallsbelowl, j=

1, 2. We note that b, = 1 — b,. The Expression for b, is
derived in appendix A.

E(V) in equation (1) is the expected value of the
time U between the 0™ trial and the shift. Assuming that an
assignable cause of a process shift occurs according to a

Poisson process, it can be shown that E(U) = E[t(D)]/2.
Hence,

SSATS; = b'(1-PH™'t — E[t(D)]/2.
Now, to derive the expression for ANSWj, let

1, if (T2 el, T el,)
2, if (T2 el,, T el)
Y, =43, if (T el,T?el) ,i=1,2,..
4, if Uiflelz,Tizelz)
5,if T?>L

Itiseasytoseethat {V,,i=1,2, ... } is a Markov
Chain with transition probability matrix

P3s
P O pi O pj
Q= P, 0 py O pif

P 0 Py P
0O 0 0 o0 1

Then, the expression for ANSW; is given by
ANSW, = a'(l,-Q!)"e,

where, 1, is the identity matrix of order 4, Q{ is the sub

matrix of Q® that contains the probabilities associated with
the transient states only, e = (1,1,0,0) , and a =
(&, a,,a;, &), a; being the initial probability of state j, j =
1,2, 3, 4, given by
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blpr’jzl

o |bpd, j=2

a =PrlY,=jl=¢ 22" .
. o b1p1d1:J:3
sz’Sz:J-:4

The following section evaluates the performances of
VSSIWL T? charts.

V. PERFORMANCE EVALUATION OF VSSIWL T? CHARTS

In this section, the performances of VSSIWL T2
charts are evaluated by comparing that with that of static,

VSSI, and VSSI (1, 3) T? charts. VSSI (1, 3) T? charts

refer to the VSSI T? charts with runs rule (1, 3) for
switching between the pairs of values of sample sizes and
sampling interval lengths. When the successive three sample
points before the i™ trial fall below the control limit, runs rule
(1, 3) chooses the pair (n,, t,) for the i trial if at least one

of them falls in the warning region, otherwise it chooses the
pair (n,, t,). See Mahadik [38] for the details of VSSI T?
charts with switching runs rules. The reason of choosing

VSSI (1, 3) T? charts for comparison is that among various
switching runs rules considered by Mahadik [38], runs rule
(1, 3) is the best choice for reducing ANSW values of VSSI

T2 charts.

The four charts mentioned above are designed such
that their in-control statistical performances are matched.
This is done by keeping design parameter L of all the four
charts the same, keeping the design parameters n,, n,, and
t, of VSSIWL, VSSI, and VSSI (1, 3) T? charts the same

and choosing their t, and warning limits such that E[n(1)] =
n, and E[t(1)] = t, hold, where n, and t, are the sample

size and sampling interval length of the static T? charts.
These constraints uniquely determine t, and warning limits

of the VSSI, and VSSI (1, 3) T? charts. As a VSIWL T?
charts has two warning limits, by fixing one of then the
constraints uniquely determine the other and t, .

The SSATSy, ANSS;, ANOS,, and ANSW; values
of such statistically matched charts are then computed for
various values of d. Tables 1, 2, 3, and 4, respectively, show
these values for five different sets of matched charts. The
computations indicate the following facts in general.

There is no significant difference among the
statistical performances of VSSI, VSSI (1, 3), and VSIWL

T2 charts. The administrative performance of a VSSI (1, 3)
T2 chart is substantially superior to that of the matched
VSSI T? chart. If the wider warning limit, that is, w, of a
VSSIWL T? chart, is set to be equal to the warning limit of
the matched VSSI (1, 3) T? chart, the two charts yield
almost similar administrative performances. If w, is set in

between the warning limits of the VSSI and VSSI (1, 3) T?
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charts, the VSSIWL T? chart yield the administrative
performance that is superior to that of VVSSI T? chart and

inferior to that of VVSSI (1, 3) T2 chart. On the other hand, if
w; Is set to be slightly larger than the warning limit of the

VSSI (1, 3) T? chart, it yields the administrative
performances that is substantially better even than that of
VSSI (1, 3) T2 chart. In this case, the in-control ANSW of
the VSSIWL T? chart is about 32% of that of VSSI T?

chart and about 80% of that of VSSI (1, 3) T chart.
However if w, is set to be noticeably larger than the warning

limit of VSSI (1, 3) T2 chart then it adversely affects the

statistical performance of VSSIWL T? chart for detecting
the large shifts.

The following example demonstrates the

implementation of VSSI, VSSI (1, 3), and VSSIWL T?
charts.

VI. EXAMPLE

The statistically matched VSSI, VSSI (1, 3), and
three VSSIWL T? charts with the design parameters, viz, p
=4,n,=7,n=3,n,=12,t =164, t, =02, and L =
14.8603 are implemented simultaneously and independently
for a process. The process is initially in control when the
implementation of the charts is started and a shift of size
0.75 unit occurs at 10 hours after that. Table 5 shows the
sample means taken for the VSSI and VSSI (1, 3) T2 charts
along with the corresponding times and the pairs (n(i), t(i)).
Similarly, table 6 shows the sample means taken for the three
VSSIWL T? charts along with the corresponding times and
the triplets (n(i), t(i), w(i)). The pair (n,, t,) is used for the
first sample for the VVSSI chart and for the first three samples
for the VSSI (1, 3) chart. The pairs for the subsequent
samples are chosen according to the rules of the respective
charts. Similarly, the triplet (n,, t,, w, ) is used for the first
sample for the three VSSIWL charts and the triplets for the
subsequent samples are chosen according to the rules of the
respective charts. Table 7 shows the performances of the five
charts.

VII. CONCLUSIONS

The notion of variable warning limit is applied to
VSSI T2 charts. The purpose is to reduce the frequency of
switches between the pairs of values of sample sizes and
sampling interval lengths of those charts which cause
administrative  inconvenience.  Expressions for the
performance measures, viz, SSATS, ANSS, ANOS, and

ANSW for VSSIWL T? charts are developed. The effects of

variable warning limits on the performances of the VSSI T2
charts are evaluated by comparing the performances of

VSSIWL T? charts with that of VSSI and VSSI (1, 3) T?
charts. It is observed that there are no significant differences
among the statistical performances of the three charts. A

VSSIWL T? chart can be set to yield administration
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performance dramatically better than that of VVSSI T2 charts

and even significantly better than that of a VSSI (1, 3) T?
chart when its statistical performances are almost similar to

that of VSSI and VSSI (1, 3) T2 charts.

Thus, variable warning limit is very much efficient
in reducing the inconvenience associated with the

implementation of a VSSI T? chart caused by the frequent
switches between the values of its adaptive design parameters
without affecting its statistical performance.

In future, the idea of variable warning limits can be
evaluated for attribute control charts as well as for EWMA
and CUSUM charts.

Appendix A: Expression for by
We have

b =Pr[T2e I,| T? <L]

=Pr[T e I,], where T/ is T truncated on [0, L).
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=Pr[T7 e I, | T2 € L,]1Pr[T2 € L]+ Pr[T{ € I, |

T_2l IS |2]Pl‘[T_2l e l,]

= Pr[TOZ, e 1, |n0)=n,w0)=w]h + Pr[TOZ, el |
n(0) = n,, w(0) = w, b,

B . . F(w)
ro 2T RO ¢

Solving this for b, we get

B (w,)
FO(L) - FO(WI) + FO(WZ) ,

b =

where F,(-) isthe cumulative distribution function of central
chi-square distribution with p degrees of freedom.
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Table 1 The SSATS values of static, VSSIWL, VSSI, and VSSI (1, 3) T? charts

SSATS for a shift of size

Chart A W,
0 0.25 0.5 0.75 1 15 2 2.5 3 4
Casel:p=5mn,=2,n=1n, =4, =145, t, =0.1, L = 16.7496
Static 199.50 168.45 108.70 60.93 3261 9.78 349 154 0.86 0.52
VSSIWL 7.00 3.87 19950 16243 87.10 3263 1063 228 127 090 0.70 0.55
VSSIWL 850 2.68 19950 161.15 8350 29.85 1011 295 170 112 0.81 0.57
VSSIWL 9.00 240 19950 160.81 8266 29.43 1031 329 188 121 0.86 0.58
VSSI 5.70 19950 164.01 9188 3741 1291 217 1.04 0.76 0.63 0.53
VSSI (1, 3) 8.50 19950 163.13  89.01 3433 11.67 3.03 171 112 0.81 0.57
Case2:p=3,n, =3, n=1n,=71t =14,t, =02, L=128382
Static 199.50 14218 67.22 29.08 13.08 3.39 1.26 0.69 0.53 0.50
VSSIWL 450 194 19950 129.89 38.14 891 346 168 112 083 0.68 0.54
VSSIWL 5.64 122 19950 128.27  36.35 935 442 226 141 098 0.74 0.55
VSSIWL 6.00 1.06 19950 127.94 36.21 9.76 486 249 152 1.03 0.77 0.56
VSSI 3.38 199.50 132.64 4259 1017 321 128 091 0.73 0.63 0.54
VSSI (1, 3) 5.63 199.50 131.29  40.14 10.08 450 226 140 0.97 0.74 0.55
Case3:p=2,n,=4n=2n,=8,t =135, t, =03, L=10.5966
Static 199.50 11503 4142 1528 638 1.66 0.73 053 050 0.50
VSSIWL 3.00 115 19950 101.47  21.22 480 208 100 0.70 058 053 0.50
VSSIWL 407 058 19950  99.45 20.11 523 257 119 077 0.60 0.53 0.50
VSSIWL 450 045 19950  98.94 20.13 559 284 129 080 0.61 053 050
VSSI 2.18 199.50 104.24  23.87 520 191 089 067 058 053 050
VSSI (1, 3) 4.07 199.50 101.59  21.37 531 259 119 0.77 0.60 0.53 0.50
Case4:p=7,n,=5n=3n,=10,t =136, t, =0.1, L =20.2777
Static 19950 143.62 6580 26.03 1053 232 0.85 055 050 0.50
VSSIWL 10.00 599 19950 131.68  37.46 721 239 101 066 054 051 050
VSSIWL 1171 437 19950 129.01  33.89 714 304 129 075 057 051 050
VSSIWL 1250 3.83 19950 128.07  33.11 761 352 145 080 058 052 0.50
VSSI 8.52 19950 13492 4321 901 238 085 061 053 051 050
VSSI(1,3) 1171 199.50 133.34  40.14 842 315 129 075 057 051 0.50
Case5:p=4,n,=7,n=3,n, =12, t =164, t, =0.2, L =14.8603
Static 19950 108.46 3335 1039 3.83 095 054 050 050 0.50
VSSIWL 500 249 19950  89.66 13.52 280 139 076 059 053 051 050
VSSIWL 6.24 177 19950  87.23 12.87 324 174 088 062 053 051 050
VSSIWL 6.75 154 19950  86.49 12.90 353 193 094 063 053 051 0.50
VSSI 371 199.50  93.29 15.48 278 116 068 057 052 051 0.50
VSSI (1, 3) 6.24 199.50  89.86 13.48 326 176 088 062 053 051 0.0
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Table 2 The ANSS values of static, VSSIWL, VSSI, and VSSI (1, 3) T? charts

ANSS for a shift of size

Chart A W,
0 0.25 0.5 0.75 1 15 2 2.5 3 4
Casel:p=5n,=2,n=1n,=4,t =145, t, =0.1, L =16.7496
Static 200.00 168.95 109.20 61.43 33.11 1028 399 204 136 102
VSSIWL 7.00 3.87 200.00 167.54 9859 43.87 1805 482 251 183 155 1.23
VSSIWL 8.50 2.68 200.00 167.34 9723 4246 1775 523 277 196 1.60 1.24
VSSIWL 9.00 240 200.00 167.29 9691 4225 1787 543 288 201 163 1.24
VSSI 5.70 200.00 167.79 100.39 46.30 1935 474 237 175 152 123
VSSI (1, 3) 8.50 200.00 167.65 9931 4473 1864 527 277 196 1.60 1.24
Case2:p=3,n, =3, n=1n,=71t =14,t, =02, L=12.8382
Static 200.00 14268 67.72 2958 1358 389 176 1.19 1.03 1.00
VSSIWL 450 194 200.00 136.79 4728 1394 584 263 193 165 145 1.17
VSSIWL 564 122 200.00 136.23 46.25 1422 649 3.02 212 173 148 117
VSSIWL 6.00 1.06 200.00 136.12 46.17 1449 679 317 219 176 149 117
VSSI 3.38 200.00 137.74 4984 1475 568 236 180 159 143 117
VSSI (1, 3) 5.63 200.00 137.27 4843 1470 654 3.02 212 173 148 117
Case3:p=2,n,=4,n=2,n,=8t =135, t, =0.3, L =10.5966
Static 200.00 11553  41.92 1578 6.88 216 123 103 100 1.00
VSSIWL 3.00 1.15 200.00 108.69 2810 808 372 187 145 123 109 1.00
VSSIWL 407 058 20000 10787 2744 835 404 198 148 123 1.09 1.00
VSSIWL 450 045 200.00 107.67 2745 859 422 204 149 124 1.09 1.00
VSSI 2.18 200.00 109.81 29.68 833 361 180 143 123 109 100
VSSI (1, 3) 4.07 200.00 108.74 2819 841 405 199 148 123 1.09 1.00
Case4:p=7,n,=5n=3n,=10,t =136, t, =0.1, L =20.2777
Static 200.00 14412 6630 2653 11.03 282 135 105 1.00 1.00
VSSIWL 10.00 599 200.00 139.86 4893 1320 5.04 207 150 122 1.07 1.00
VSSIWL 11.71 437 200.00 139.16 4710 1316 545 224 153 123 1.07 1.00
VSSIWL 1250 3.83 200.00 13891 46,70 1345 576 234 156 123 1.07 1.00
VSSI 8.52 200.00 140.70 51.87 1430 504 198 147 122 107 100
VSSI(1,3) 1171 200.00 140.29 50.30 13.94 552 224 153 123 1.07 1.00
Case5:p=4,n,=7,n=3,n, =12, t =164, t, =0.2, L =14.8603
Static 200.00 10896 3385 10.89 433 145 104 100 100 1.00
VSSIWL 500 249 200.00 100.98 2174 587 278 156 128 111 1.03 1.00
VSSIWL 6.24 177 200.00 100.22 2142 611 297 161 129 111 1.03 1.00
VSSIWL 6.75 154 200.00 99.98 2144 627 3.07 164 130 111 1.03 1.00
VSSI 371 200.00 102.13 2271 586 265 152 128 111 103 1.00
VSSI (1, 3) 6.24 200.00 10105 21.72 612 298 161 129 111 1.03 1.00
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Table 3 The ANOS values of static, VSSIWL, VSSI, and VSSI (1, 3) T? charts

ANOS for a shift of size
0 0.25 0.5 0.75 1 15 2 2.5 3 4

Chart A W,

Casel:p=5n,=2n =1, n,=4,t =145, t, =0.1, L = 16.7496

Static 400.00 337.90 218.40 122.85 66.22 2056 7.99 4.09 271 205
VSSIWL 7.00 3.87 400.00 34533 22159 11161 5148 1415 ©6.66 4.63 3.87 2.89
VSSIWL 8.50 2.68 400.00 347.35 223.87 11183 51.38 1440 6.81 467 385 2.86
VSSIWL 9.00 240 400.00 347.87 22440 11187 51.42 1452 687 469 385 285
VSSI 5.70 400.00 34285 218.58 111.23 5191 1410 6.57 460 3.88 290
VSSI (1, 3) 8.50 400.00 34424 220.39 11147 5168 1443 6.81 4.67 3.85 2.86

Case2:p=3,n, =3, n=1n,=71t =14,t, =02, L=128382

Static 600.00 428.04 203.17 88.74 40.75 1168 529 356 3.10 3.00
VSSIWL 450 194 600.00 44237 185.05 64.47 2696 10.16 738 6.50 571 411
VSSIWL 564 122 600.00 446.00 18575 6455 27.32 1038 7.41 6.44 562 4.08
VSSIWL 6.00 1.06 600.00 446.74 18580 64.62 27.48 1047 7.43 6.42 559 4.06
VSSI 3.38 600.00 436.17 183.30 64.70 26.87 1000 735 6.55 577 414
VSSI (1, 3) 5.63 600.00 439.21 184.26 64.68 2735 1038 741 644 5.62 4.08

Case3:p=2,n,=4,n =2 n,=8t =1.35, t, =0.3, L = 10.5966

Static 800.00 462.12 167.66 63.10 2750 8.64 493 413 401 4.00
VSSIWL 3.00 115 800.00 473.17 148.84 4818 2138 956 717 573 469 4.03
VSSIWL 407 058 800.00 476.81 148.77 4842 21.72 962 7.10 5.68 4.67 4.03
VSSIWL 450 045 800.00 4v7.71 148.77 4864 2191 965 7.07 5.65 4.66 4.03
VSSI 2.18 800.00 468.20 149.00 48.41 21.26 953 720 575 469 4.03
VSSI (1, 3) 4.07 800.00 47295 148.85 4847 2174 962 710 5.68 467 4.03

Case4:p=7,n,=5n=3n,=10,t =136, t, =0.1, L =20.2777

Static 1000.00 720.61 331.48 132.67 55.15 1412 6.76 524 502 5.00
VSSIWL 10.00 5.99 1000.00 74193 30557 96.52 37.14 1347 933 7.11 566 5.01
VSSIWL 11.71 437 1000.00 749.39 306.09 96.46 3791 1371 926 7.04 564 5.01
VSSIWL 1250 3.83 1000.00 752.00 306.20 96.90 3850 1390 9.20 7.00 5.60 5.00
VSSI 8.52 1000.00 732.86 304.72 98.09 37.13 1334 936 7.14 567 5.01
VSSI (1, 3) 11.71 1000.00 737.29 305.17 9758 38.04 1371 9.26 7.04 564 5.01

Case5:p=4,n,=7,n=3,n, =12, t =164, t, =0.2, L =14.8603

Static 1400.00 762.74 236.96 7626 30.31 10.12 7.28 7.01 7.00 7.00
VSSIWL 500 249 1400.00 774.60 20050 57.20 2500 12.80 10.20 8.30 7.30 7.00
VSSIWL 624 177 140000 779.60 20030 57.60 2530 12.80 10.10 8.30 7.30 7.00
VSSIWL 675 154 140000 781.10 200.30 57.90 2550 12.80 10.10 8.30 7.30 7.00
VSSI 371 1400.00 767.10 201.00 57.20 24.80 12.70 10.20 8.30 7.30 7.00
VSSI(1,3)  6.24 1400.00 77410 20050 57.60 2540 12.80 10.10 8.30 7.30 7.00
48
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Table 4 The ANSW values of static, VSSIWL, VSSI, and VSSI (1, 3) T? charts

ANSW for a shift of size

Chart A W,
0 0.25 0.5 0.75 1 15 2 2.5 3 4
Casel:p=5mn,=2,n =1n, =4, =145, t, =0.1, L = 16.7496
VSSIWL 700 387 5750 4793 2734 1101 371 080 058 052 043 0.22
VSSIWL 850 2.68 3354 2790 1557 599 204 066 055 049 041 021
VSSIWL 9.00 240 27.75 23.08 1281 490 171 063 054 048 040 0.20
VSSI 5.70 88.44 7405 4358 1891 686 114 062 053 045 0.22
VSSI (1, 3) 8.50 3354 2829 16.73 707 249 069 056 049 041 o021
Case2:p=3,n, =3, n=1n,=71t =14,t, =02, L=128382
VSSIWL 450 194 5528 36.74 11.09 243 088 060 055 048 038 0.16
VSSIWL 564 122 2922 19.24 5.55 134 069 057 052 044 035 0.15
VSSIWL 6.00 106 2843 18.71 5.39 132 069 057 052 044 035 0.15
VSSI 3.38 88.44  59.76  19.77 464 134 063 057 049 039 0.6
VSSI (1, 3) 5.63 3354 2274 7.26 170 074 058 053 045 036 0.15
Case3d:p=2,n,=4,n=2n,=8t =135, t, =0.3, L =10.5966
VSSIWL 3.00 115 5817 3111 6.87 144 068 051 037 021 0.09 0.00
VSSIWL 407 058 3354 17.88 3.83 096 061 049 035 020 008 0.00
VSSIWL 450 045 26.77 14.28 3.08 086 058 047 034 020 0.08 0.00
VSSI 2.18 88.44 4800 11.61 240 085 053 039 022 009 0.00
VSSI (1, 3) 4.07 3354 1840 421 1.00 062 049 035 0.20 0.08 0.00
Case4:p=7,n,=5n=3n,=10,t =136, t, =0.1, L =20.2777
VSSIWL 10.00 599 5245 36.95 1215 251 086 056 040 021 007 0.00
VSSIWL 1171 437 3015  21.09 6.47 141 069 053 037 019 006 0.00
VSSIWL 1250 3.83 2293 16.01  4.83 114 065 051 036 019 006 0.00
VSSI 8.52 8122 5791 21.04 488 131 059 042 021 0.07 0.00
VSSI(1,3) 1171 30.16  21.89 7.91 182 074 053 037 019 0.06 0.00
Case5:p=4,n,=7,n=3,n, =12, t =164, t, =0.2, L =14.8603
VSSIWL 500 249 6273 2936  4.46 084 052 041 026 011 003 0.00
VSSIWL 6.24 177 3932 1813 2.68 066 049 040 025 011 003 0.00
VSSIWL 6.75 154 3216 14.78 2.20 061 048 039 025 010 003 0.00
VSSI 371 98.27  47.20 7.94 127 057 042 027 011 003 0.00
VSSI (1, 3) 6.24 39.34 18.82 2.87 067 050 040 025 0.11 0.03 0.00
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Table 5 The details of the VSSI and VSSI (1, 3) T? charts in the example

VSSI with w=3.71

VSSI (1, 3) with w = 6.24

AN CORO N & SOOI &
0.2 (12, 0.2) 11.48 02 (12,02 0.77
0.4 (12,0.2) 1.97 0.4 (12,0.2) 3.37
2.04 (3,1.64) 3.00 0.6 (12,0.2) 7.86
3.68 (3, 1.64) 1.87 0.8 (12,0.2) 0.23
5.32 (3,1.64) 7.76 1 (12,0.2) 2.70
5.52 (12, 0.2) 4.82 1.2 (12,0.2) 3.56
5.72 (12, 0.2) 1.60 2.84 (3, 1.64) 4.33
7.36 (3,1.64) 8.10 4.48 (3,1.64) 1.72
7.56 (12, 0.2) 5.85 6.12 (3, 1.64) 1.18
7.76 (12,0.2) 1.49 7.76 (3,1.64) 457
9.4 (3, 1.64) 3.09 9.4 (3,1.64) 277
11.04 (3, 1.64) 2.56 11.04 (3, 1.64) 2.42
12.68 (3, 1.64) 7.39 12.68 (3, 1.64) 5.79
12.88 (12,0.2) 5.52 14.32 (3, 1.64) 6.81
13.08 (12,0.2) 8.57 14.52 (12,0.2) 13.33
13.28 (12,0.2) 1.95 14.72 (12,0.2) 16.03
14.62 (3,1.64) 3.74 14.92 (12,0.2) 11.61
14.82 (12, 0.2) 15.86 15.12 (12,0.2) 14.81
15.32 (12,0.2) 13.89
15.52 (12,0.2) 15.20
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Table 6 The details of the VSSIWL T? charts in the example

VSSIWL with VSSIWL with VSSIWL with
w, =5, w, =2.49 w, =6.24, W, =1.77 W, =6.75, W, =1.54
A CORTO N A CORTO N A CORTO N
0.2 (12,0.2) 1.97 0.2 (12,0.2) 1.97 0.2 (12,0.2) 1.64
1.84 (3, 1.64) 2.77 0.4 (12,0.2) 2.77 0.4 (12,0.2) 2.63
3.48 (3,1.64) 5.85 0.6 (12,0.2) 5.85 0.6 (12,0.2) 5.33
3.68 (12, 0.2) 3.39 0.8 (12,0.2) 3.39 0.8 (12,0.2) 0.74
3.88 (12, 0.2) 5.78 1 (12,0.2) 5.78 2.44 (3, 1.64) 2.96
4.08 (12,0.2) 1.29 1.2 (12,0.2) 1.29 4.08 (3,1.64) 0.91
5.72 (3, 1.64) 0.47 2.84 (3, 1.64) 0.47 5.72 (3, 1.64) 1.21
7.36 (3,1.64) 214 4.48 (3,1.64) 214 7.36 (3,1.64) 3.80
9 (3,1.64) 5.15 6.12 (3,1.64) 5.15 9 (3,1.64) 7.18
9.2 (12,0.2) 231 7.76 (3,1.64) 231 9.2 (12,0.2) 3.25
9.4 (3, 1.64) 4.34 9.4 (12,0.2) 4.91
10.84 (3,1.64) 5.41 9.6 (12,0.2) 14.82
11.04 (12,0.2) 7.99 11.04 (3,1.64) 3.79 9.8 (12,0.2) 4.22
11.24 (12, 0.2) 5.73 12.68 (3, 1.64) 8.39
11.44 (12,0.2) 10.89 12.88 (12,0.2) 6.37 10 (12,0.2) 7.44
11.64 (12,0.2) 2.84 13.08 (12,0.2) 14.78 10.2 (12,0.2) 7.69
11.84 (12,0.2) 9.93 13.28 (12,0.2) 24.79 10.4 (12,0.2) 6.17
12.04 (12,0.2) 14.11 10.6 (12,0.2) 8.88
12.24 (12,0.2) 15.43 10.8 (12,0.2) 9.77
11 (12,0.2) 6.49
11.2 (12,0.2) 10.87
11.4 (12,0.2) 8.72
11.6 (12,0.2) 11.69
11.8 (12,0.2) 22.62
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Table 7 Performances of the T2 charts in the example

Number of Number of Number of
switches Total number ~ Time in hours samples samples
Chart during of switches from the shift during the during the
in-control until the signal  to the signal in-control out-of-control
period period period
VSSI 5 8 4.82 11 7
VSSI (1, 3) 1 2 5.52 11 9
VSIWL with 4 224 L
W, =5,w, =2.49 6 - 0 8
VSIWL with
w, =6.24, w, =1.77 1 2 3.28 11 5
VSIWL with
2 2 1.8 13 10

w, =6.75, w, =154
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